Abstract. There is a natural Galois connection between subspace lattices and operator algebras on a Banach space which arises from the notion of invariance. If a subspace lattice L is completely distributive, then L is re exive. In this paper we
A subspace lattice L is re exive if it is the set of invariant subspaces of some collection of operators, which is equivalent t o L = LatAlgL in the notation given below. In 7 , the rst author proved that any completely distributive subspace lattice is re exive generalizing Halmos 4 . The crucial lemma in this proof describes, for a given subspace lattice L, the lattice b L of subspaces invariant under the rank-1 operators leaving every member of L invariant. The map L 7 ! b L is a closure operator on subspace lattices, and can be described in purely lattice theoretic terms.
As b L is a re exive lattice, we can think of this as an abstract way of constructing re exive lattices. Though not every re exive subspace lattice is b L, for some subspace lattice L. Since re exivity is not a lattice-theoretic invariant 10 , it can have no lattice-theoretic characterisation.
It is interesting then to look for classes of lattices where the map L 7 ! b L is wellbehaved, for this will allow us to construct many examples of re exive subspace lattices. This in turn leads us to consider the least complete congruence on L such that L= is completely distributive. The general description of is not very enlightening, but under certain circumstances it simpli es considerably. With these same conditions, the map L 7 ! b L becomes quite tractable. The corresponding class of lattices, called G-lattices, and its subclass of J -lattices, will be studied in the latter part of the paper. 1. Background In this section we will assemble the relevant background and terminology for both lattice theory and operator theory. Throughout, we will be working with complete lattices, whose operations are denoted by V and W , with a least element 0 and greatest element 1 . W e adopt the usual conventions that W ; = 0 and V ; = 1 . Conversely, a n y equivalence relation on L satisfying these conditions is a complete congruence. Indeed, for such an equivalence relation , the set of equivalence classes L= is a complete lattice with the obvious order and the canonical map h : L ! L = is a complete homomorphism with kernel .
The intersection of any collection of complete congruences is again a complete congruence. Hence the set of all complete congruences on L forms a complete lattice, with its meet operation being set intersection and its joins given by 2. An abstract version of LatR L Now let C be a complete lattice, and let L be a complete 0-1 sublattice of C. I n view of Lemma 2, we de ne b L to be the set of all k 2 C such that n k n , for some n 2 L with n computed in L. Clearly Remark. Now in general, for k 2 b L, mk need not be the least element n of L such that n k n . The description of the maximal intervals of the form x; x i n L is given in Bandelt It follows from 1 that x x , while the dual of 1 applied to x yields x x . This proves 2, and 3 follows easily from 1 and 2. 
In view of the previous considerations, we w ould like to nd lattices in which the intervals mx; x t together nicely. This leads us indirectly to the next problem. In this section we w ant to nd a description of in terms of the operation .
If is any complete congruence on L, then each -class has a greatest element and a least element. The greatest element of the -class containing x is denoted by x, and the least element b y x . Our rst observation is just the complete lattice version of a familiar result for nite lattices see, for example, 3 . 
Likewise,
where for the fth equality w e h a v e used z x U if and only if z L x U and z L, z , .
So, if L= is completely distributive, then hx = h x = h x U hx hx; for all x 2 L . T h us 1 implies 2. Clearly 2 implies 3. Finally, if 3 holds, then hx = hx U = h x U = h x ; for all x 2 L , whence L= is completely distributive. Corollary 11. If L is a complete lattice, the least complete congruence on L such that L= is completely distributive is the smallest complete congruence c ontaining hx; x i, for all x 2 L .
Note that if and ' are complete congruences with ', then x ' x, for all x 2 L . Combining this observation with the previous two lemmas, we obtain our rst description of and hence implicitly of , since is the kernel of the map x 7 ! x. 6 Theorem 12. Let L be a c omplete lattice, and let be the least complete congruence o n L such that L= is completely distributive. Then is the least pointwise map f : L ! L satisfying 1 x fx = f f x , for all x 2 L , 2 f preserves arbitrary meets, that is, f V i2I x i = V i 2 I f x i , 3 fx = fx, for every x 2 L . Now w e can actually construct the map f = of the preceding theorem as follows. Let F = fu 2 L : u = u g . Then F is a complete meet subsemilattice of L containing 1. This makes F a complete lattice also, with its meet operation V inherited from L and joins given by P X = V fu 2 F : u W X g . Note that 3 gives fL F .
F or x 2 L , de ne x = V fu 2 F : u x g . T h us x is the least element y 2 L such that y x and y = y. In particular, the map f 0 : x 7 ! x satis es properties 1 and 3 of Theorem 12. However, it may not preserve in nite meets see below.
The element x can be described inductively as follows. Let x 0 = x. F or successor ordinals de ne x +1 = x ; for limit ordinals, x = W fx : g . This sequence eventually stabilizes at some valuex withx = x . If u 2 F and u x, then inductively u x for all , and hence u x. T h usx = x.
Now w e proceed to construct the smallest meet-preserving map f greater than or equal to f 0 in the traditional manner. Starting with f 0 x = x , for successor ordinals de ne f +1 x = P f V y 2 Y f y : V Y x g , and for limit ordinals f x = P f x. This eventually stabilizes in a map f which satis es 1 3. Moreover, it is the least possible such map, so f = , as desired. The example in Figure 1a shows that, even with the ACC, f 0 need not preserve in nite meets. In the example, 0 = 0 , 1 = 1 and x i+1 = x i , for all i. Hence 0 = 0 but x = 1, for all x 0, so that f 0 V x i = 0 while V f 0 x i = 1 .
G-lattices
In this section we will investigate a class of complete lattices for which the map L 7 ! b L and the congruence are well-behaved. Recall that an element p 2 L is completely join prime if p p , . Let P L denote the set of completely join prime elements of L. Note that, by convention, 0 , = W ; = 0 so 0 = 2 P L . Clearly P L J L , and this inclusion may be proper. We s a y that L is a G-lattice if every element o f J L is a join of completely join prime elements, that is, if s 2 J L then s = W fp 2 P L : p s g . 1 x = x = mx , 2 mx = x = x . Hence x = x and x = m x , and L= is isomorphic to the lattice o f o r der ideals of P L . Proof. Lemma 13 and the de nition of give x = x , while x = mx follows as in the proof of Lemma 4. Clearly x x , and x mx b y Theorem 5. It remains to show that mx x . Now mx i n a G -lattice is the join of the completely join prime elements less than or equal to x. I f p 2 P L and p x, then p , x, whence p = p ,+ W fs + : s xg = x , as desired. Since the map x 7 ! x preserves arbitrary meets and x = x , it follows from Theorem 12 that x = x, for all x. Then x is the least element y with y = x . By Theorem 5, this is x , which equals mx b y 2.
Finally, L= is order-isomorphic to f x : x 2 L g = f m x : x 2 L g . This latter is easily seen to be isomorphic to the lattice of order ideals of P L .
Thus the blocks mx; x which are lled in" in going from L to b L are disjoint for G-lattices since they correspond to -classes. Likewise, the description of is particularly simple for G-lattices: x y if and only if x = y if and only if mx = m y .
The following observation allows us to nd many examples of G-lattices, two o f which are given in Figure 2 . 1 L is a G-lattice.
2 If x p 2 P L , then x is a join of completely join prime elements. If, additionally, L is nite, these conditions are e quivalent to 3 If x is join irreducible and 0 6 = x p 2 P L , then x 2 P L .
Proof. Since P L J L and 0 6 = x y 2 J L implies x 2 J L , 1 implies 2. On the other hand, suppose that 2 holds and let x 2 J L . Then x , 1 implies that x p, for some p 2 P L , whence x is a join of elements in P L . T h us L is a G-lattice. F or example, the lattice in Figure 2a collapses to a distributive lattice, while that in Figure 2b does not. The example of Figure 1b shows that, in general, 2 is not su cient to imply 1. Clearly 1 implies 2.
The three equivalence of Theorem 17 also hold for nite lattices, but for slightly di erent reasons. Recall that x 0 = x and x n+1 = x n . In a nite lattice L, there is an integer n such that x n+1 = x n , for all x 2 L . The mapping f : L ! L given by fx = x n preserves meets by induction because x 7 ! x does, and hence by W P L = 1 , w e can nd a minimal order ideal I of P L such that W I x. By Lemma 15, each p y is a possibly empty join of elements of P L , and hence x p y _ W I n f p g , for all p 2 I. Let p 2 I. Then by semimodularity, W I p y _ W I n f p g x . But this implies that x _p y _ W I n f p g = W I p . Since p is join prime, this implies p x. T h us p x, for all p 2 I, whence W I x. S o W I = x , and we h a v e shown that every element o f L is a join of completely join prime elements, whence L is isomorphic to the lattice of order ideals of P L . Figure 3 gives an example of an in nite distributive G-lattice with W P L = 1 and V fp , : p 2 P L g = 0, and satisfying the DCC, but which is still not completely distributive. 0 1 Figure 3 
J -lattices
In this section we turn our attention to a particularly nice class of complete lattices, those which collapse to a complete atomic Boolean algebra.
To simplify notation, for a complete lattice L, let J = J L and J , = fa , : a 2 J g : As observed in 9 , there are redundancies in the above four conditions. For example, conditions 1 and 2 together with either 3 or 4 implies all four. We note that lattices satisfying condition 2 are called nice" lattices in 6 . For some other results related to these conditions see 8 , 11 .
Every complete atomic Boolean algebra is a J -lattice. Indeed, for such lattices J is the set of atoms and, for every atom a, a , is the Boolean complement o f a 7 . Figure 4 gives two other examples of J -lattices, and the structural characterization of Theorem 22 below indicates how w e can construct many more.
Let us begin by proving some elementary facts about J -lattices. 
